Period-colour (PC) and amplitude-colour (AC) relations are studied for the Large Magellanic Cloud (LMC) Cepheids under the theoretical framework of the hydrogen ionization front (HIF) -photosphere interaction. LMC models are constructed with pulsation codes that include turbulent convection, and the properties of these models are studied at maximum, mean and minimum light. As with Galactic models, at maximum light the photosphere is located next to the HIF for the LMC models. However very different behavior is found at minimum light. The long period (P > 10days) LMC models imply that the photosphere is disengaged from the HIF at minimum light, similar to the Galactic models, but there are some indications that the photosphere is located near the HIF for the short period (P < 10 days) LMC models. We also use the updated LMC data to derive empirical PC and AC relations at these phases. Our numerical models are broadly consistent with our theory and the observed data, though we discuss some caveats in the paper. We apply the idea of the HIF-photosphere interaction to explain recent suggestions that the LMC period-luminosity (PL) and PC relations are non-linear with a break at a period close to 10 days. Our empirical PC and PL relations are also found to be non-linear with the F -test. Our explanation relies on the properties of the Saha ionization equation, the HIF-photosphere interaction and the way this interaction changes with the phase of pulsation and metallicity to produce the observed changes in the Cepheid PC and PL relations.
INTRODUCTION
found that the Galactic Cepheids follow a spectral type that is independent of their pulsational periods at maximum light and gets later as the periods increase at minimum light. Simon et al. (1993, hereafter SKM) used radiative hydrodynamical models to explain these observational phenomena as being due to the location of the hydrogen ionization front (HIF) relative to the photosphere. Their results agreed very well with Code's observation. SKM further used the Stefan-Boltzmann law applied at the maximum and minimum light, together with the fact that radial variation is small in the optical (Cox 1980) , to derive:
⋆ E-mail: kanbur@oswego.edu log Tmax − log Tmin = 1 10 (Vmin − Vmax),
where T max/min are the effective temperature at the maximum/minimum light, respectively. If Tmax is independent of the pulsation period P (in days), then equation (1) predicts there is a relation between the V-band amplitude and the temperature (or the colour) at minimum light, and vice versa. In other words, if the period-colour (PC) relation at maximum (or minimum) light is flat, then there is an amplitude-colour (AC) relation at minimum (or maximum) light. Equation (1) has shown to be valid theoretically and observationally for the classical Cepheids and RR Lyrae variables Kanbur & Fernando 2005) .
For the RR Lyrae variables, Kanbur (1995) and Kanbur & Phillips (1996) used linear and non-linear hydrodynamic models of RRab stars in the Galaxy to ex-plain why RRab stars follow a flat PC relation at minimum light. Later, Kanbur & Fernando (2005) used MA-CHO RRab stars in the LMC to prove that LMC RRab stars follow a relation such that higher amplitude stars are driven to cooler temperatures at maximum light. Similar studies were also carried out for Cepheid variables, as in SKM, Kanbur & Phillips (1996) , Kanbur & Ngeow (2004, hereafter Paper I) and Kanbur et al. (2004, hereafter Paper II) . In contrast to the RR Lyrae variables, Cepheids show a flat PC relation at the maximum light, and there is a AC relation at the minimum light. Therefore, the PC relation and the AC relation are intimately connected. All these studies are in accord with the predictions of equation (1).
In Paper I, the Galactic, Large Magellanic Cloud (LMC) and Small Magellanic Cloud (SMC) Cepheids were analyzed in terms of the PC and AC relations at the phase of maximum, mean and minimum light. One of the motivations for this paper originates from recent studies on the non-linear LMC PC relation (as well as the period-luminosity, PL, relation. See Paper I; Sandage et al. 2004; Ngeow et al. 2005) : the optical data are more consistent with two lines of differing slopes which are continuous or almost continuous at a period close to 10 days. Paper I also applied the the F -test (Weisberg 1980) to the PC and AC relations at maximum, mean and minimum V -band light for the Galactic, LMC and SMC Cepheids. The F -test results implied that the LMC PC relations are broken or non-linear, in the sense described above, across a period of 10 days, at mean and minimum light, but only marginally so at maximum light. The results for the Galactic and SMC Cepheids are similar, in a sense that at mean and minimum light the PC relations do not show any non-linearity and the PC(max) relation exhibited marginal evidence of nonlinearity. For the AC relation, Cepheids in all three galaxies supported the existence of two AC relations at maximum, mean and minimum light. In addition, the Cepheids in these three galaxies also exhibited evidence of the PC-AC connection, as implied by equation (1), which give further evidence of the HIF-photosphere interactions as outlined in SKM.
To further investigate the connection between equation (1) and the HIF-photosphere interaction, and also to explain Code's observations with modern stellar pulsation codes, Galactic Cepheid models were constructed in Paper II. In contrast to SKM's purely radiative models, the stellar pulsation codes used in Paper II included the treatment of turbulent convection as outlined in Yecko et al. (1998) . One of the results from Paper II was that the general forms of the theoretical PC and AC relation matched the observed relations well. The properties of the PC and AC relations for the Galactic Cepheids with log(P ) > 0.8 can be explained with the HIF-photosphere interaction. This interaction, to a large extent, is independent of the pulsation codes used, the adopted ML relations, and the detailed input physics.
The aim of this paper is to extend the investigation of the connections between PC-AC relations and the HIFphotosphere interactions in theoretical pulsation models of LMC Cepheids, in addition to the Galactic models presented in Paper II. In Section 2, we describe the basic physics of the HIF-photosphere interaction. The updated observational data, after applying various selection criteria, that used in this paper are described in Section 3. In Section 4, the new empirical PC and AC relations based on the data used are presented. In Section 5, we outline our methods and model calculations, and the results are presented in Section 6. Examples of the HIF-photosphere interaction in astrophysical applications are given in Section 7. Our conclusions & discussion are presented in Section 8. Throughout the paper, short and long period Cepheid are referred to Cepheids with period less and greater than 10 days, respectively.
THE PHYSICS OF HIF-PHOTOSPHERE INTERACTIONS
The partial hydrogen ionization zone (or the HIF) moves in and out in the mass distribution as the star pulsates. It is possible that the HIF will interact with the photosphere, defined at optical depth (τ ) of 2/3, at certain phases of pulsation. For example, SKM suggested that this happened at maximum light for the Galactic Cepheids, as the HIF is so far out in the mass distribution that the photosphere occurs right at the base of the HIF. The sharp rise of the opacity wall (where the mean free path goes to zero) due to the existence of HIF prevents the photosphere moving further into the mass distribution and hence erases any "memory" of global stellar conditions, including the underlying PC relation. This lead to a flat relation between period & temperature, period & colour and period & spectral type at maximum light, as seen in SKM and Paper II. At other phases, since the HIF does not interact with the photosphere, the temperature of the star (or the colour) follows the underlying global PC relation. The HIF-photosphere interaction also relies on the properties of the Saha ionization equation and the structural properties of the outer envelopes of Cepheids. It is well known that the partition functions in the Saha ionization equation are formally divergent unless some atomic physics is used to truncate them. In the pulsation codes we used, we approximate the partition functions of various atoms by their ground state statistical weights. The properties of the Saha ionization equation in Cepheid envelopes are such that hydrogen starts to ionize at a temperature that is almost independent of density, for a certain range of low densities. Outside of this range of density, the density dependence increases. Thus, when the photosphere is very close to, or engaged with the HIF and the density of these regions is reasonably low, the temperature of the photosphere is less dependent on the surrounding density and hence the global stellar parameters. At higher densities, the temperature at which hydrogen ionizes becomes more sensitive to density and hence more sensitive to global stellar parameters.
If the photosphere is far from the HIF, or disengaged, then the location of the photosphere and hence the temperature of the photosphere, is again strongly dependent on density and hence on global stellar parameters. That is why the photosphere needs to be close to, or engaged with the HIF for this effect to take place. Moreover, this dependence on density is not sharp so that for "low" and "high" densities the density dependence of the photospheric temperature is weak and strong respectively. An examination of figure 15.1 in Cox & Giuli (1968) demonstrates that this is plausible. Thus as the star pulsates, the photospheric temperature has a density dependence that can be strong or weak depending on phase. An example where the density dependence is weak are the Galactic long period Cepheids at maximum light (SKM, Paper II): these Cepheids display a flat PC relation at maximum light. These properties of the HIF-photosphere interaction can, in turn, affect the temperature of the photosphere and hence the colour of the Cepheid.
Here we investigate the idea that LMC Cepheids with periods below 10 days are such that the HIF and photosphere are engaged through most of the pulsation cycle. At periods greater than 10 days, the photosphere only engages with the HIF at maximum light. The transition is sharp because the photosphere is either at the base of the HIF or it is not. The transition occurs because as the period increases, the L/M ratio increases and this implies the HIF is located further inside in the mass distribution, changing the phase at which it can interact with the photosphere (Kanbur 1995) . The structure of Galactic Cepheids is such that this interaction only occurs at maximum light, even for Cepheids with periods shorter than 10 days.
UPDATED LMC CEPHEID DATA
In Paper I, we constructed the light curves of fundamental mode Cepheids in the LMC by using the extensive photometric dataset in the OGLE (Optical Gravitational Lensing Experiment) database. However, the dataset used in Paper I was downloaded in 2002, prior to the updated version of the dataset that was available after April 24, 2003 (OGLE website, Udalski 2004 ). The updated version includes additional V-and I-band data for most of the Cepheids. In addition, the periods have been refined by the OGLE team using the complete set of photometric data. Due to these reasons, we decided to repeat the light curve construction with the updated data and periods. Other differences between the data used in this paper and Paper I are: (a) since the Cepheids in the OGLE database are truncated at log(P ) ∼ 1.5, due to the saturation of the CCD detector for the longer period (hence brighter) Cepheids (Udalski et al. 1999a) , we include some additional LMC Cepheid data from Moffett et al. (1998) and Barnes et al. (1999) to extend the period coverage to log(P ) > 1.5 in our sample, as these high quality data allow the constructions of accurate light curves to estimate the colours at maximum and minimum light; and (b) in Paper I, the Fourier fit was done only to n = 4 (n is the order of Fourier expansion), whereas here we fit the data with higher order Fourier expansion using the simulated annealing method described in Ngeow et al. (2003) .
The photometric data of all Cepheids, comprising 771 from OGLE database and 14 from Moffett et al. (1998 )+Barnes et al. (1999 , were mainly fit with n = 4 to n = 8 Fourier expansions in the V-and I-band. However, for some of the OGLE long period Cepheids (P > 11.5 days), it was found out that the quality of the fitted light curves could be improved by using a higher order Fourier expansion, hence we extended the fit to n = 12 for these long period Cepheids. All the fitted light curves were visually inspected and the best-fit light curves from the different orders of the Fourier expansions were selected. To the best of our knowledge, this analysis also represents a major improvement in the Fourier analysis of the OGLE data. The extinction is corrected with the standard procedure, i.e. (V − I)0 = (V − I) − (RV − RI ) × E(B − V ) with RV = 3.24 and RI = 1.96 (Udalski et al. 1999b ). The values of E(B − V ) for each OGLE Cepheids are taken from the OGLE database (Udalski et al. 1999b) , while for the Cepheids in Moffett et al. (1998 )+Barnes et al. (1999 , the values of E(B − V ) are adopted from Sandage et al. (2004) .
To guard against some "bad" Cepheids or other contamination in our sample, we removed some Cepheids in the sample according to the following criteria:
(i) Cepheids without the V-band photometry, or the number of V-band data is too low to fit a n = 4 Fourier expansion.
(ii) Cepheids with poorly fitted or unacceptable light curves (mainly in the V-band) in the sample, such as those with a large scatter of data points or with bad-phase coverage (large gaps between the phased data points).
(iii) Cepheids with possible duplicity. Some of the possible duplicated Cepheids were removed in the OGLE database by consulting table 4 of Udalski et al. (1999b) .
(iv) Cepheids with unusual colour. We first plot out (as in Figure 1 [a]) the extinction corrected PC relation at mean light. The plot shows that there are number of outliers in the period-colour plane, mostly with log(P ) < 1.0. The presence of these outliers is probably due to: (a) their extinction is either over-or under-estimated; (b) they have blue or red companions that cannot be resolved due to the problems of blending; or (c) other unknown physical reasons. A detailed investigation of these outliers is beyond the scope of this paper, but it is clear that they should be removed from the sample. These outliers are removed with the adopted colour-cut of 0.35 < (V − I) mean 0 < 0.95, a compromise between maximizing the number of Cepheids in the sample and excluding the Cepheids with unusual colour 1 . (v) Cepheids with unusually low (or high) amplitude. Some Cepheids with unusually low V-and I-band amplitudes were found in the sample. Their amplitudes are typically 2 ∼ 3 times smaller as compared to the amplitudes of other Cepheids at given period. Some examples of the light curves for these low amplitude Cepheids are given in Kanbur et al. (2003) . In addition, most of the light curves for these low amplitude Cepheids can be fitted with n = 4 Fourier expansion, while other Cepheids with "normal" amplitude may require higher order fits. Kanbur et al. (2003) has briefly discussed some possible physical reasons for these Cepheids to have such low amplitudes, e.g. they are just entering or leaving the fundamental mode instability strip or they have different chemical composition (see, e.g., Paczyński & Pindor 2000) . The detailed investigation of these low amplitudes Cepheids is beyond the scope of this paper. Here, we apply a conservative amplitude cut of 0.3 mag. in the V-band to remove the low amplitude Cepheids. Besides that, we also remove OGLE-286532 (with unusually low amplitude) and HV-2883 (with unusually high amplitude) as they are clear outliers in the log(P )-amplitude plot (not shown, but see Ngeow 2005) . Note that Pietrzyński et al. (2004) applied a cut of 0.4 mag. to remove the low amplitude Cepheids in NGC 6822. Other examples of removing the low-amplitude Cepheids can also be found in Wayman et al. (1984) .
(vi) Cepheids with log(P ) < 0.4 and log(P ) > 1.8. In order to guard against possible contamination from the first overtone Cepheids (Udalski et al. 1999a) and to be consistent with the previous studies Sandage et al. 2004; Udalski et al. 1999a) , we removed Cepheids with log(P ) < 0.4 (see further justification in Ngeow et al. 2005) . Regarding the removal of Cepheids with log(P ) > 1.8, a preliminary analysis of the PC relation reveals that the three longest Cepheids should be removed from the sample, because they are clear outliers in the PC plot at maximum light (not shown, but see Ngeow 2005) . Without these three longest period Cepheids, the PC(max) relation for the long period Cepheids is flat, which is consistent with the results found in Paper I. The hypothesis of the HIF-photosphere interaction also suggests the flatness of the PC relation at maximum light for long period Cepheids. However, as the period gets longer (with log[P ] > 1.5), the photosphere disengages from the HIF (Simon et al. 1993 ). These three Cepheids have biased the slope of the PC(max) relation by making the slope becomes steeper.
Hence, the final sample consists of 636 LMC Cepheids that will be considered further. The locations of the outliers from various selection criteria are shown in Figure 1 for the Table 1 . The LMC period-colour relation in the form of (V −I) = a log(P ) + b, and σ is the dispersion of the relation. PC(mean) relation, V-band PL relation, R21-log(P ) relation 2 and the colour-magnitude diagram (CMD).
THE NEW EMPIRICAL PC AND AC RELATIONS
To construct the empirical PC & AC relations, we used the following quantities from the Fourier fits to the Cepheid data as obtained from previous section:
• V -band amplitude: the difference of the numerical maximum and minimum from the Fourier expansion, Vamp = Vmin − Vmax.
• (V − I) max : defined as Vmax − I phmax , where I phmax is the I-band magnitude at the same phase as Vmax.
• (V − I) mean : defined as A0(V ) − A0(I), where A0 is the mean value from the Fourier expansion (see Ngeow et al. 2003) . This is very similar to the conventional definition of the mean colour, < V > − < I >, where <> denotes the intensity mean.
• (V − I) phmean : defined as Vmean − I phmean , where I phmean is the I-band magnitude at the same phase as Vmean. Vmean is the V -band magnitude closest to A0(V ), the mean value from Fourier expansion.
• (V − I) min : defined as Vmin − I phmin , where I phmin is the I-band magnitude at the same phase as Vmin.
These quantities have been corrected for extinction as mentioned in previous section. The empirical LMC PC and AC relations at maximum, mean and minimum light for all, long and short period Cepheids are summarized in Table 1 & 2, and the corresponding plots are presented in Figure 2 & 3, respectively.
To test the non-linearity of the PC and AC relations, or the "break" at a period of 10 days, we apply the Ftest as given in Paper I and in Ngeow et al. (2005) . The Table 2 . The LMC amplitude-colour relation in the form of (V − I) = aVamp + b, and σ is the dispersion of the relation. null hypothesis in the F -test is single line regression is sufficient, while the alternate hypothesis is that two lines regressions with a discontinuity (a break) at 10 days is necessary to fit the data. The probability p(F ), under the null hypothesis, can be obtained with the corresponding F -values and the degrees of freedom. In general, the large value of F (equivalent to the small value of p[F ]) indicates that the null hypothesis can be rejected. For our sample, F ∼ 3.0 when p(F ) = 0.05 (the 95% confident level), therefore the null hypothesis can be rejected if the F -value is greater than 3 with more than 95% confident level and the data is more consistent with the two-line regression. A glance of Table 1 and Figure 2 suggests that the LMC PC relations are broken at maximum, mean and minimum light. These are confirmed with the F -test results with FP C (max, mean, phmean, min) = {7.88, 9.69, 18.0, 13.1}. Similarly, the F -test results for the AC relation are: FAC(max, mean, phmean, min) = {132, 153, 150, 162}. Hence, the LMC PC and AC relations are non-linear (hence broken) at maximum, means and minimum light. Note that the flatness of the long period PC(max) relation as given in Table 1 (0.039 ± 0.071) is in good agreement with the slope found in Paper I (−0.031 ± 0.101). Recall that equation (1) predicts that if the PC relation is flat at maximum light, then there is a correlation between the amplitude and the colour at minimum light. This is seen in Table 1 (and in Figure 3 ) for the long period AC(min) relation, with a slope of 0.241 ± 0.049.
METHODS AND LMC MODELS
The stellar pulsation codes we used are both linear (Yecko et al. 1998 ) and non-linear . These codes, which include a 1-D turbulent convection recipe (Yecko et al. 1998) , are the same as in Paper II. Briefly speaking, the codes take the mass (M ), luminosity (L), effective temperature (T ef f ) and chemical composition (X, Z) as input parameters. The chemical composition is set to be (X, Z) = (0.70, 0.008) to represent the LMC hydrogen and metallicity abundance (by mass). The mass and luminosity are obtained from the ML relations calculated from evolutionary models. The T ef f are chosen to ensure the models oscillate in the fundamental mode and located inside the Cepheid instability strip. The pulsation periods for the models are obtained from a linear non-adiabatic analysis (Yecko et al. 1998) . All other parameters used in the pulsation codes had the same values for the LMC and Galactic models (Paper II). This included the α parameters that are part of the turbulent convection recipe, though see Section 8. Of course, one variable parameter was the metallicity. The only other difference between this study and Paper II, besides the metallicity, is the value set for the artificial viscosity parameter, Cq. In this study, we set Cq = 16.0 for the LMC models to improve the shape of the theoretical light curves, in contrast to the value of 4.0 used for the Galactic models.
In Paper II, the ML relations are adopted from Chiosi (1989) and Bono et al. (2000) . In order to be consistent with previous work, the ML relations used in this paper will also be adopted from these two sources. However, Chiosi (1989) only provided two ML relations, one for Z = 0.020 which are used in Paper II, and another one for Z = 0.001. Hence we have to adopt the second ML relation for the LMC models. Even though the LMC metallicity is higher than Z = 0.001, the LMC is still considered as a low metallicity system in the literature. Hence the Chiosi (1989) ML relation can be approximately applied for the LMC models. In the context of the HIF-photosphere interaction, it is the ML relation Table 3 . Input parameters for LMC Cepheid models with periods obtained from a linear analysis. The periods, P 0 and P 1 , are referred to the fundamental and first overtone periods, respectively. Similarly for the growth rate, η. Both of the mass and luminosity are in Solar units, the temperature is in K and the period is in days. which dictates at what period and at what phases this will occur. Stellar evolutionary theory changes the ML relation as a function of metallicity. Hence the coefficients of the ML relation are important in determining the nature of the HIF-photosphere interaction (Paper II). In short, the ML relations used are:
log(L) = 3.22 log(M ) + 1.511.
(ii) ML relation given in Bono et al. (2000) : 
The units for both M and L are in Solar units. Note that these two ML relations cover reasonably broad L/M ratios given in the literature. The input parameters for the LMC models with these ML relations and the periods calculated from linear non-adiabatic analysis are given in Table 3 . After the full amplitude models are constructed from the pulsation codes, the temperature and the opacity profile can be plotted in terms of the internal mass distribution (log[1 − Mr/M ], where Mr is mass within radius r and M is the total mass) at a given phase of pulsation. As in Paper II, the locations of the HIF (sharp rise in the temperature profile) and photosphere (at optical depth τ = 2/3) can be identified in the temperature profile. To quantify the HIFphotosphere interaction (if the photosphere is next to the base of the HIF or not, see also Paper II), we calculate the "distance", ∆, in log(1 − Mr/M ) between the HIF and the photosphere from the temperature profile. The definition of ∆ can be found in Paper II. A small ∆ means there is a HIF-photosphere interaction, and vice versa. The theoretical quantities from the models can be compared to the observed quantities using the following prescriptions:
(i) As in Paper II, we use the BaSeL atmosphere database (Lejeune 2002; Westera et al. 2002) to construct a fit giving temperature and effective gravity as a function of (V − I) colour. The effective gravity is obtained at the appropriate phase from the models. These prescriptions are used to convert the temperatures to the (V − I) colours. The bolometric corrections (BC) are obtained in a similar manner. The anonymous referee has suggested that (V − I) may not be a good way to convert between temperature and colour unless both of the micro-turbulence and surface gravity are included. As indicated above this is the case, and in any case our results and those of Paper II for Galactic models, show good agreement between theory and observations. A number of previous authors have used this method and some authors commented that this colour can be used as indicator of temperature (e.g. Beaulieu et al. 2001; Tammann et al. 2003) . The empirical relations we studied in this series were also mainly in the (V − I) colour.
(ii) We also use the prescriptions given in Beaulieu et al. (2001) to convert the observed colours to the temperatures appropriate for the LMC data as follows: log(g) = 2.62 − 1.21 log(P ), log(T ef f ) = 3.91545 + 0.0056 log(g) − 0.2487(V − I)0, ∆T = log(T ef f ) − 3.772,
Note that these functions are also obtained from the BaSeL atmosphere database.
RESULTS FROM THE MODELS
The effective temperatures for the full amplitude models in Table 3 at the corresponding maximum and minimum light (or luminosity) are given in Table 4 . For the effective temperatures at mean light, the temperatures for the mean light at ascending and descending branch of the light (or luminosity) curve are not the same (e.g., in Paper II), hence Table 5 gives the effective temperature at these phases for our LMC models. The layout of Table 5 is the same as table 3 from Paper II. Following Paper II, the locations of the photosphere can be identified in the temperature and opacity profiles. These are displayed in Figure 4 -6 with a log(P ) > 1.0, a log(P ) = 1.0 and a log(P ) < 1.0 model, respectively. The left and right panels of Figure 4 -6 are the temperature and opacity profiles respectively. The photospheres are marked as filled circles in these figures. Finally, the plots of the ∆, the "distance" between the photosphere and the HIF from the temperature profiles, as a function of pulsating period for the LMC models are presented in Figure 7 with the two ML relations used. In Paper II, it is found that the distribution of ∆ as a function of period is almost independent of the adopted ML relation. This is also seen in the LMC models as depicted in Figure 7 . Figure 4 -6 and Figure 7 bear witness to the fact that at maximum light, the photosphere lies at the base of the HIF for all of the models. Although there is a slight deviation for some longer period models, the location of the photosphere is close to the HIF within the error bars (which are defined as the coarseness of the grid points around the location of the HIF). As in Paper II for the Galactic models, the closeness of the photosphere to the base of the HIF, for reasonably low densities, results in a flat or almost flat PC relation for the long period LMC Cepheids. In the case of minimum light, even though Figure 7 implies that ∆(M IN ) is nearly constant across the period range and the photosphere is near the base of the HIF, as in the case of maximum light, ∆(M IN ) does follow a shallow correlation with period after 10 days. Judging from the error bars of ∆(M IN ) and from Figure  4 -6, there is tentative evidence that the photosphere is disengaged from the HIF for log(P ) > 1.0 at minimum light. Hence the temperatures or the colours at minimum light are more dependent on period for log(P ) > 1.0 3 and the global properties.
Theoretical quantities that can be computed from the models and compared with data include the pulsation periods, the V -band amplitudes and the Fourier parameters, the temperatures and colours at the maximum, mean and minimum light. These are the PC plots, the AC plots, the period-temperature plots and the Fourier parameters plots portrayed in Figures 8-11 . The temperatures in Table 4 & 5, after conversion to the (V − I) colours as mentioned in previous section, are superimposed along with the observed LMC PC relations as plotted in Figure 8 . Similarly, Figure 9 graphs the same quantities but on the log(T )-log(P ) plane with the observed (V − I) colours converted to temperatures using the prescriptions given in Section 5. The theoretical bolometric light curves are converted to the Vband light curves with the bolometric corrections obtained from the BaSeL database mentioned previously. From the theoretical V -band light curves, the amplitudes can be estimated and these are displayed in Figure 10 along with the colours from models to compare with the empirical AC relations. The Fourier parameters of the theoretical V -band light curves can also be obtained with (n = 6) Fourier expansion. These Fourier parameters are compared with the observational data in Figure 11 . Several features are noticed from (i) The general trends of the models qualitatively match the observational data. There are greater discrepancies between the data and short period models, particularly in matching the observed light curve amplitudes.
(ii) The models with the ML relation from Chiosi (1989) , with lower L/M ratio, do better in matching the observations. These models also tend to lie near the envelopes of the PC, AC, log(T )-log(P ) and An(V )-log(P ) relations defined by the observational data.
(iii) The slopes of the period-colour (or periodtemperature) relations at maximum and minimum light from the models roughly match the observational data, i.e., the theoretical PC(max) relation is approximately flat and there is a relation at minimum light.
(iv) The temperatures from the models with the Bono et al. (2000) ML relation is cooler (hence redder) than the models with the Chiosi (1989) ML relation and the observed data at maximum light. In contrast, the temperatures (or the colours) at minimum light from the models with these two ML relations are consistent with each other and are located near the blue edge of the observed data.
(v) The means at the descending branches are in better agreement with the observed data than the means at the ascending branches. This is because the observed means, (V − I) phmean 0 , are obtained mostly from the descending branches. Though previous researchers have noted that temperatures on the ascending and descending branches are not the same at mean light (as Cepheids exhibit loops in CMD), what is new here is the way the nature of the HIF changes during the pulsation.
(vi) The amplitudes of the theoretical light curves (in both of the bolometric and V -band light curves) are smaller than the observations at given period, especially for the models with the Bono et al. (2000) ML relation. These can be seen from the AC relations as given in Figure 10 and the left panels of Figure 11 .
Overall, some agreements and disagreements are found between the theoretical quantities and the observational data. It is also found out that there are some problems associated with the pulsation codes when the LMC models are constructed: these include the smaller amplitude of the model light curves and the cooler temperatures at the maximum light (especially with Bono et al. 2000 ML relation) . Note that from equation (1), cooler temperatures at maximum light imply that the amplitudes will be lower at given period.
Varying other parameters in the pulsation codes, including the α parameters, does not improve the situation, though perhaps a more detailed and systematic study of the dependence of LMC Cepheid pulsation models on the α parameters could resolve this situation. However, we believe that the qualitative nature of the photosphere-HIF interactions as given in Figure 7 will still hold even in models which fare better in mimicking observed amplitudes. This is in part because Figure 7 suggest that the behaviors of ∆ as a function of period are nearly, though not completely, independent of amplitudes, as the models with Chiosi (1989) ML relation have higher amplitudes (although still smaller than the observations) than the models with the Bono et al. (2000) ML relation. However, better codes that fix these problems or the 3-D convection codes are needed in the future studies. 
Comparison with the Galactic Models
The temperature profiles from the Galactic models given in Paper II and the LMC models are compared in Figure 12 at maximum and minimum light. The upper panels of Figure  12 suggest that at maximum light, the photosphere is not far from the base of the HIF in both of the Galactic and the LMC models. In contrast, the photosphere is further away from the HIF in the Galactic models than the LMC models at minimum light. The HIF is located further out in the mass distribution for the Galactic models. The plots of the ∆-log(P ) relation from the Galactic and LMC models at maximum and minimum light are also compared in Figure  13 . It can be seen from the figure that at maximum light, the behavior of both Galactic and LMC models is similar, where the photosphere is near the base of the HIF. At minimum light, the long period models show that the photosphere is disengaged from the HIF, while the behavior of the short period models is different between the Galactic and LMC models. The photosphere of the short period LMC models seems to be located closer to the HIF at minimum light, but it is not the case for the short period Galactic models. This could lead to shallower slopes of the PC(min) relation seen log(P) Figure 9 . The plots of log(T )-log(P ) relations for the LMC data and models. The symbols are the same as in Figure 8 . The conversion of the (V − I) colours to the temperature are done using the equations given in Beaulieu et al. (2001) . Left panel: log(T )-log(P ) relations at maximum and minimum light. Right panel: log(T )-log(P ) relations at mean light for both of the ascending and descending means. in the LMC Cepheids as compared to the Galactic counterparts. In terms of the HIF-photosphere interaction, there is some tentative evidence from the models that the LMC long period Cepheids behave like the Galactic Cepheids, while the short period LMC Cepheids behave like the RR Lyrae stars at minimum light. Figure 14 graphs the density (defined as 1/V , where V is the specific volume) at the photosphere as a function of the period of the model at minimum, maximum and ascending and descending mean light. Galactic models generally tend to have the lowest density and, in particular, have significantly lower densities at minimum light than the LMC models. We note that the Galactic models always have a photospheric density lower than about 10 −8 g/cm 3 whereas the photospheric density for the LMC models only falls below this figure after a period of 10 days. At maximum light, all long period models have a low photospheric density. What we get from this figure is that it provides some evidence that there is a difference in photospheric density between the LMC and Galactic models. Moreover, this difference appears to be consistent with what is required by our theoretical scenario: short period LMC models have a higher photo- spheric density than their Galactic counterparts. However, for a discussion of some caveats, see Section 8.
APPLICATIONS
We now discuss two important applications of the photosphere-HIF interaction: reddening corrections and the explanation of the observed non-linear LMC PL (and PC) relations. Code (1947) original interest in the spectral properties of Cepheids at maximum light was to estimate reddening. SKM used this to correct a number of reddenings for Galactic Cepheids. Fernie (1994) used equation (1) and the theoretical explanation provided in SKM to derive a relation linking the colour excess to the colour at maximum light, the V -band amplitude and the period. Such a relation is predicted from equation (1). Fernie (1994) estimates the error with this method to be comparable to other multicolour methods.
A more interesting application of the HIF-photosphere interaction is to explain the recent detected non-linear LMC PL relation as presented in Tammann I, Sandage et al. (2004) and Ngeow et al. (2005) . Paper I used the F -test to provide strong statistical evidence that the optical Cepheid PL relation at mean light in the LMC is non-linear around a period close to 10 days. Ngeow et al. (2005) used the MACHO and 2MASS datasets together with additional long period Cepheids from the literature to further support the existence of non-linear LMC PL relation in the optical and near infra-red wave-bands. In contrast, current data indicate that the Galactic PL relation is linear at mean light (Tammann et al. 2003; ).
Non-linearity of the LMC PL relations can be tested using the F -test with the data given in Section 3. The empirical results of the fitted LMC PL relations at maximum, mean and minimum light using the updated data are presented in Table 6 . The plots of the PL relations at maximum/minimum light and at mean light are shown in Figure 15 & 16, respectively. The F -test results for these PL relations are: FV (max, mean, min) = {1. 53, 8.50, 17.9}, and FI (max, mean, min) = {0.12, 7.16, 19.7} . The large Fvalues for both V -and I-band PL relations at mean and minimum light strongly indicate that the PL relations at these two phases are not linear, and the data is better described with the broken (i.e, two regressions) PL relation. However, the small F -values at maximum light, with corresponding p-values of 0.217 and 0.883 for the V -and I-band PL(max) relations respectively, show that the null hypothesis of the F -test cannot be rejected. Hence there is no ob- Table 6 . The period-luminosity relation in the form of m (V,I) = a (V,I) log(P ) + b (V,I) , and σ (V,I) is the dispersion of the relation. served break seen in the PL(max) relation and the data is consistent with single line regression.
Our tentative theoretical explanation for the non-linear nature of the LMC PL relations across a period of 10 days replies on the HIF-photosphere interaction. Sandage (1958) and Madore & Freedman (1991) have established the connection between the PC and PL relations: both these relations arise from the more general PLC relation. These relations refer to quantities evaluated at mean light. The existence of such a connection relies on the period-mean density theorem, the instability strip and the Stefan-Boltzmann law. If we assume the Stefan-Boltzmann law can be applied at every phase, then it is straightforward to show that a PLC relation (though possibly with different coefficients) exists at every phase point. Thus the standard PLC relation and indeed the PC and PL relation expresses at mean light are just the averages of the same relations at different phases points. Consequently one way to understand the behavior of PLC/PL/PC relations at mean light is to understand their behavior at different phase points. What we try to do in this paper is point out some evidence from our models that shows how the changing behavior of the PC relations at different phases can, in principle, arise from a consideration of the photosphere-HIF interaction at these phases. Since the mean light PC and PL relation are the average of those at all phases, these properties can affect the PC and, as a consequence, the PL relation (via the PLC relation). In fact, the new data with superb phase resolution from such micro-lensing projects such as OGLE and MACHO demands a multiphase analysis. This approach can potentially lead to a deeper understanding of the pulsation and evolution of Cepheid variables. For example, Ngeow & Kanbur (2005) looked at PC relations in the Galaxy and LMC as a function of phase. They found that short and long period LMC Cepheids have a shallower and steeper slope at most pulsation phases than Galactic Cepheids respectively. 
CONCLUSION AND DISCUSSION
In this paper, we have confronted updated PC and AC relations at maximum, mean and minimum light for LMC Cepheids observed by the OGLE project with theoretical, full amplitude pulsation models of LMC Cepheids. The observed PC and AC relations provide compelling evidence of a non-linearity or break at a period of 10 days. We also constructed theoretical Cepheid pulsation models appropriate for the LMC using the Florida pulsation codes (Yecko et al. 1998) to study the HIF-photosphere interaction.
The empirical results presented in this paper, as well as in other papers such as Sandage et al. (2004) and Ngeow et al. (2005) , provide strong empirical evidence that the PC and PL relations for the LMC Cepheids are nonlinear, in the sense described in previous sections. Issues such as extinction and a lack of long period Cepheids that may cause the non-linear LMC PL and PC relations have been addressed and argued against in Paper I, Sandage et al. (2004) and Ngeow et al. (2005) , and will not be repeated here. Other arguments against the non-linear LMC PL relation include the results presented in Persson et al. (2004) , as the authors found no evidence for a non-linear PL relation in the LMC at JHK-bands. However, Ngeow et al. (2005) treated the data of Persson et al. (2004) extensively and found, in a statistically rigorous way, that the reason why Persson et al. (2004) found linear JHK PL relations, is due to the small number of short period Cepheids (∼ 18) in their sample. Ngeow et al. (2005) also reduce the number of OGLE/MACHO LMC Cepheids and show how the F -test can produce a non-significant result when the number of short/long period Cepheids become small. Instead, using the 2MASS data that are cross-correlated with MA-CHO Cepheids, Ngeow et al. (2005) PL relation starts to become linear. Ngeow et al. (2005) also discussed why this is the case. Another argument against the non-linear PL relation is that the PL relation should be universal, as found in Gieren et al. (2005) . We argue that their results are based on a handful of Cepheids (∼ 15) and on short periods Cepheids in a cluster whose membership to the LMC is in question. Their shallower Galactic PL relation based on the revised infra-red surface brightness method also contradicts the steeper Galactic PL relation based on independent methods from open cluster mainsequence fitting (Tammann et al. 2003; Sandage et al. 2004 ). Due to small number of LMC models, it is impossible to derive the theoretical PC and AC relations with a small error on the slope and compare directly to the empirical relations. However, these LMC models can be qualitatively compared to the observations by converting some physical quantities to the observable quantities and vice versa, such as the temperature-colour conversion. Hence we compared our model light curves to the observations in terms of theoretical PC and AC relations at the phases of maximum, mean and minimum light and also in terms of the Fourier parameters from theoretical light curves with observations. The theoretical quantities from the models generally agree with the observations, but it was found out that these models tend to have smaller amplitudes and (hence) the temperature is cooler at maximum light than the real Cepheids. Though our models have some drawbacks in this comparison, our main interest is in comparing the interaction of the photosphere and HIF as a function of phase with similar results presented in Paper II for Galactic Cepheid pulsation models. The aim is not to compare our models rigorously with observations but rather to study models which match observations reasonably well in the context of the theoretical framework described in previous sections and in Papers I & II. Nevertheless we argued that the qualitative nature of the photosphere-HIF interaction is not seriously affected by these problems.
Our postulate is that at certain phases, this interaction can affect the PC relation due to the properties of the Saha ionization equation: specifically for reasonably low densities in Cepheid envelopes, hydrogen ionizes at a temperature that is almost independent of period. Consequently, when the photosphere is located at the base of the HIF, the photospheric temperature and hence the colour is almost independent of period. However, when this engagement occurs, but the density is greater, then the temperature at which hydrogen ionizes again becomes sensitive to global surroundings and hence on period. When the photosphere is not engaged with the HIF in this way, its temperature is again dependent on period and global stellar parameters.
For Galactic Cepheids, this HIF-photosphere interaction occurs mainly at maximum light for Cepheids with log P > 0.8 (Paper II). At minimum light, there is a strong correlation between the HIF-photosphere distance and period leading to a definite AC relation at minimum light for Galactic Cepheids (SKM, Paper I & II) . In this paper, we have found tentative evidence that, for short period LMC models which match observations in the period-color plane, the HIF-photosphere interaction occurs at most phases but at densities which are too high to produce a flat PC relation. Why would these short period LMC Cepheids be different in this regard to short period Galactic Cepheids? One possibility could be that this is partly because these LMC Cepheids are hotter than their Galactic counterparts Sandage et al. 2004 ). The HIFphotosphere are disengaged for most of the pulsation cycle for long period LMC Cepheids. This happens because as the period increases, so does the L/M ratio which pushes the HIF further inside the mass distribution. When the HIFphotosphere are disengaged in this way, the photospheric temperature is more dependent on density and hence on period. The change is sudden because the HIF-photosphere are either engaged or they are not. This can lead to a sudden change in the PC relation at 10 days as shown by the observations Sandage et al. 2004; Ngeow et al. 2005) . However, at maximum light the HIF-photosphere are engaged at low densities for long period LMC Cepheids leading to the observed flat PC relation for these stars. Taken together with equation (1), this theoretical scenario is consistent with the observed PC-AC behavior described in Paper I and in this study. The anonymous referee has noted that these suggestions about photospheric density can be tested by spectroscopic means.
We now enumerate some caveats to our argument that could be addressed in future papers.
(i) Would the well-known Hertzsprung progression play any part in causing the observed changes in the Galactic and LMC PC relations?
(ii) How do SMC (i.e., metal-poor) models fit into the theoretical scenario outlined in this paper and Paper II, if at all?
(iii) It may also be that higher order overtones becoming unstable or stable, though with the fundamental mode still being dominant, may also have an impact on the PC relation in some as yet unknown way (Paper II).
(iv) The behavior of short period LMC Cepheids still needs to be understood, for example, what causes the difference between the bottom left panels of Figures 7 and 13? That is, why is it that for short period Galactic/LMC Cepheids, the HIF-photosphere are disengaged/engaged? Our experience suggests that constructing short period full amplitude fundamental mode Cepheids requires more care than the long period case because the first overtone has a non-negligible growth rate. Because of this we feel a thorough study of these short period Cepheids merits a separate paper.
(v) Would more advanced pulsation codes which, for example, can match the observed amplitudes and which contain a more accurate model of time dependent turbulent convection, yield similar results, especially for Figure 13 ? Could such codes fare better in modeling short period LMC Cepheids?
